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Abstract: This paper investigates rogue waves in the (3+1)-dimensional potential Kadomtsev—Petviashvili
equation, with a specific focus on the B-type Kadomtsev—Petviashvili equation in fluid dynamics. It employs
a direct symbolic approach with a generalized formula to generate higher-order rogue waves with arbitrary
parameters. The study establishes the Hirota D-operator bilinear form of the equation under investigation.
The research produces two- and three-rogue wave interactions for the second-order and third-order rogue
solutions, illustrating that significant rogue waves interact locally within nonlinear processes. A bilinear
equation is derived using a dependent variable transformation, with £ and 7 serving as the transforming
variables. The analysis of the dynamical behavior showcases the exact solutions derived in the new vari-
ables ¢ and 7, as well as the initial variables x, y, z, and ¢, utilizing the symbolic system Mathematica.
The study highlights the importance of larger waves with smaller amplitudes and their evolution in fluid
dynamics, water engineering, and dispersive media. This equation provides insights into these phenomena.
Rogue waves have implications across various scientific fields, including dusty plasma, oceanography, plasma
physics, optical fibers, and other nonlinear systems.
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1 Introduction

The potential Kadomtsev—Petviashvili (pKP) equation with the B-type Kadomtsev—Petviashvili equation
(pKP-BKP) constructs a type of integrable system within the broader KP hierarchy. It combines the
potential Kadomtsev-Petviashvili (pKP) [1H3] and B-type Kadomtsev-Petviashvili (BKP) [4-6] equations,
and finds applications in fluid dynamics, oceanography, plasma physics, water engineering, optical fibers,
and nonlinear systems. This equation is useful in modeling wave interactions and incorporating properties
from both the pKP and BKP equations. Its solutions are a fascinating area of study with their complex
and rich nature. And, offers a valuable tool for understanding and predicting nonlinear wave phenomena.
The well-known KP equation [7,8] is a nonlinear partial differential equation (PDE) that generalizes the
Korteweg-de Vries (KdV) equation [9,(10] to two spatial dimensions. The BKP equation is a variantion of the
KP equation that deals with a bosonic fields in KP hierarchy. It focuses on different symmetry properties
and constraints. The pKP-BKP equation, on the other hand, is a combination of these equations that
incorporates their unique properties and constraints. It is beneficial in situations with positive and negative
waves, such as studying wave interactions in plasma physics.

The specific form of the pKP-BKP equation can vary, but it typically includes terms that reflect the system’s
integrable nature and the interactions between the involved waves. Research on the pKP-BKP equation is a
dynamic and ongoing process, constantly striving to find exact solutions, study the integrability properties,
and explore the rich structure of these solutions, including solitons, lump solutions, and other localized
waveforms. This continuous exploration keeps the field of fluid dynamics, water engineering, plasma physics,
and optical fibers vibrant and exciting, offering new insights and applications.

This study investigates higher-order rogue waves for the pKP-BKP equation [11] in fluid dynamics as

2
+ 7 (3 (ugpUay + Ugaltly) + Ugzzy) + QUzy + bUgy + Cug, — % =0, (1)
where u = u(z,y, z,t) is a wave function and «, 8,7, a,b and ¢ are arbitrary parameters.

The parameters «, 3,7, a, b, andc play significant roles in determining the behavior of rogue waves in the
pKP-BKP equation that act as a scaling factor for the wave behavior. The parameters are coefficients for the
nonlinear terms and dispersion terms of the studied equation, which influence the nonlinearity and dispersion
of the rogue wave solution. As these parameters increase, the effect of nonlinearity and dispersion increases,
and vice versa. The constants in equation represent the generalized form for the terms where researchers
can analyze the solutions for arbitrary choices. Constants a and c are the coefficients of the diffusion terms,
so they are called the diffusion coefficients that play an important role in the well-known Burger’s equation.
The constant b is the coefficient of the disturbed term, so it is called the disturbed coefficient, which has
important physical significance in well-known KP-type evolution equations. These constants play a leading
role in analyzing the diffusion and disturbance effects for nonlinear models. Therefore, the more coefficients
there are, the more opportunities there are to investigate the models with different arbitrary choices. It
will provide an understanding of the terms and their coefficients, which facilitates a more comprehensive
analysis of nonlinear systems. Together, these parameters dictate the fundamental properties of wave motion,
including amplitude, interaction behavior, and localization. Their interplay determines whether the system
exhibits stable solitons, rogue waves, or dispersive wave structures. It makes them critical for understanding
the underlying wave dynamics in nonlinear systems.

Rogue waves, or extreme waves [12-15] are large amplitude waves that can appear suddenly in the ocean.
These waves pose significant risks; they are unpredictable and can cause severe harm, even death. Studying
rogue waves is essential for many researchers in nonlinear fields, such as fluid dynamics, optical fiber,
and plasma physics. They can be identified by their height, distinguishing them from surrounding waves.
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Because rogue waves do not conform to traditional linear wave models, their investigation is crucial for
understanding the dynamics of nonlinear waves. This scientific research predicts the occurrence of unusual
and massive waves and uncovers their underlying principles to improve maritime safety. Rogue waves can
be dangerous, so we need enhancing models and prediction algorithms that can provide early warnings to
prevent disasters. This knowledge benefits offshore petroleum and gas operations, coastal communities,
and the maritime industry. We understand the development and formation of rogue wave structures for
developing adequate safety and mitigation strategies. As a result, we can achieve higher operational security
and better explanations of these phenomena. Investigating the dynamics and origins of rogues contributes
to understanding the complex processes and nonlinear events that drive these phenomena.

Several fields of nonlinear science and engineering utilize nonlinear PDEs [16-20] to illustrate complex
physical processes. Researchers in mathematics have utilized nonlinear PDEs to explain a wide range of
scientific phenomena, including fluid dynamics and gravitational studies. The lack of universal methods
makes nonlinear PDE analysis and solution difficult. PDEs play a significant role in representing and
comprehending physical phenomena involving multiple variables and their rates of change across a wide range
of nonlinear sciences. Various techniques obtain exact and analytic solutions for the nonlinear PDEs such as
the Hirota’s bilinear method [21-23], the Bicklund transformation [24-26], direct symbolic approach [27,28],
the simplified Hirota’s approach [29,30], inverse scattering method [31,[32], symbolic bilinear technique
[33], the Darboux transformation [34-38|, the Analysis of Lie symmetries [39-42], bilinear neural network
techniques [43-45], and other methods such as Wang et al. [46] successfully developed the dressing method
and deduced the three-component coupled Hirota hierarchy and gave its soliton solutions.

This article is structured as: The coming section discusses the bilinear form of the studied equation
in reduced dimensions using a direct symbolic technique. It reveals the logarithmic transformation applied
to new variables and the associated dispersion for the transformed equation. Additionally, it presents the
Hirota bilinear form of the transformed equation using Hirota’s D-operators. In Section 3, higher-order
rogue wave solutions are obtained, including the successful derivation of rogue waves up to the third order.
The solutions dynamics are illustrated in both the original and changing variables. Section 4 emphasizes
the significant results and findings related to the constructed rogue waves, while the concluding section
highlights the importance of this research investigation.

2 Direct symbolic approach and bilinear form

Let us consider a nonlinear partial differential equation (NLPDE) in (3+1)-dimensional variables x,y, z and
t as
N(Uv Ugy Uggy, Uy y Uyy, Uzy Uzzy Wty Ugt, Ugy, * ) =0, (2)

having partial derivatives with respect to z,y, z and .
First, we transform the given NLPDE by

u = 'U,(é., 77)7 g =T+ CQta n=c3y + C4Z2, (3)

where ¢;;1 < j < 4 are real parameters. The transformation reduces the equation (2 into a an equation
in (1+1)-dimensional NLPDE as

S(us ug, ugg, Un, Ugy, Uny, -+ ) = 0. (4)

We consider a Cole-Hopf transformation as

u = R{log g(&, 1) }re, (5)
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where R is a constant and ¢ is an auxiliary function. The constant r is the order of &, comes from the
balance between the highest-order and nonlinear terms in equation . The equation transforms the
equation into a bilinear form equation in g, by using the Hirota’s D-operators [10]

n1 e a 8 ni a a n2
D Dg(u. ) (1, v) = (8 - a,) (5 5r) S0 6o s

having 4/, /" are formal variables and n;—; 2 are non-negative integers.
To obtain the n-rogue waves, we take a generalized form for auxiliary function g designed by Kumar and
Mohan [47] as

2(g+1) p
9(&:m) = Z ZCq(q+1)72p,2j(g)q(q+1)72p(n)2j7 (6)
p=0 ;=0
where ¢, 3 m,n € {0,2,--- ,p(p+ 1)} are the constants.
Theorem 1: Under the transformations ¢ = x 4+t and n = y + 2, the equation reduces to a (141)-
dimensional equation and gives a Hirota bilinear form as

2
aDf + D¢ +yDED, + (1 + ) DE + (b+¢)DeDy — D3| f.f = 0.

Proof: We consider the transformation u(x,y, z,t) = u(&,n) with £ =z +t and n = y + z to transform the
equation as

a(dbuguge + 15ugueeee + 1bugeucee + ugeeeee) + B(6ucuee + ugeee) + v (3uyuee + Buugy + uecey)
2

+ (14 a)uge + (b+ )ug, — 757;"’7 —0. (7)

Let the phase for the equation is

0; = pi§ — win, (8)
where p;cy and w;ecn are constant parameters and dispersion, respectively. We get the dispesion value by
substituting u(&,n) = e in linear terms of Eq. as

—5a(bp; + cp; +yp3) £ \/404721922 (5a + 5ap} + 56p? + 5) + a2p? (5b + 5¢ + 5yp?) 2 o)
. 9
2

w; =
7 2’_)/

Taking the Cole-Hopf logarithmic transformation
u(&n) = Qlog fe, (10)

with auxiliary function f(&,7), and finds the constant @) = 2 by putting equation in the equation
having f = 1+ 1. Now, on substituting the equation into transformed equation , we get a bilinear
equation in f as

a(f feceeee —6 e feeeee 15 fecee fee —10f2ee )+ B(S feeee —Afeee fe+312)+(f fecen—3 e feen+3fee fen— feee )
2
+ (Ut a)(ffee = F2)+ 0+ ) (Fhey = fea) = (P — £) =0, (1)

which writes in the Hirota’s bilinear form as

2
gl
aD + BD; +vD¢Dy + (1 + a)D + (b+ ¢)De Dy — 57})3 f.f=0. (12)
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3 Higher-order rogue waves

Theorem 2: The higher-order rogue waves for a (1+1)-dimensional transformed equation (12), are

n(n+1) q
2
f(&n) = Sp(n+1 —2q,2i§n(n+1)_2q77217
(n+1)
q=0 =0
where s;j, are real parameters with j, k =0,2,---,q(q + 1).

Proof: To obtain the solutions for rogue waves, we consider the auxiliary function f as given in the
generalized form @ With the inductive analysis of the generalized rogue wave solutions, we consider the
different values of n from one to three to show the obtained rogue waves up to the third-order. It illustrates
the solutions for different n in the expressed auxiliary function f. We compute the unknown constants s;
where j and k have the restricted notation as j,k = 0,2,4,...,q(¢ + 1) where 0 < ¢ < w, to get the
correct expression of constant corresponding to the terms. As we go for the higher values of n, the number
of constants increases rapidly. For n = 1, n = 2, and n = 3, we have 3, 10, and 28 constants, those we have
to find out for a valid solution. These parameters are arbitrary as dependent on the one arbitrary parameter
for each case, as in constant values (10), the arbitrary parameter is s3 o, and similarly for the next cases for

n=2 and 3.

3.1 First-order wave solutions

We take the function f with n =1 in equation as

f(&n) = f1 = s00+ 5021 + s2,06% (13)

Substituting the equation into (11, and equating the coefficients for different exponents in £ and 7 to
zero gives a system as
3004,38370 — 50,0 (7280,2 —5(a+ 1)045270) = 0,
82,0 (—5(& + 1)0482,0 — ’)/280’2) = 0,
s02 (5(a+ L)asao +72s0.2)

I
—~

—_

=~
~—

On solving the system, we get

3820 5(a+ 1)asa
; — R = . 15
800 ==y 502 7 y 52,0 = 520 (15)

Thus, the function becomes

5 1an? 3
f: (_ (a _;2)0”7 . afl +§2> 8270, (16)

that gives first-order rogue solutions by substituting the equation into as

48

5(a+1)an? 38 9’
- ~v2 T a+1 +€

(17)

u =
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Figure 1: Dynamical profiles for the solution (17)), and figures (d)-(f) depicts contour plots for (a)-(c).

3.2 Second-order wave solutions
Having n = 2 in equation the function f becomes
FE&m) = fo =500 + S020° + S0.4n" + 50,6n° + 52,062 + 52.212E% + 59.47°E% + 54061 + 54212 + 560€°. (18)

Substituting the equation (18] into (12]) and equating the coefficients for different exponents in £ and 7 to
zero gives a system and retrieves the values as

572 (4(a + 1)%a2 — 80(a + 1)af? + 2564) s40 5(20(a + 1)%a2 — 124(a + 1) 8% + 956%) 540
S0.0 = . S02 = .
00 = (a+1)*ap > 02T 3(a+1)%2p2 ’
- 5 (20(a+ Da —175%) 542 A 25(a + 1)%2a?sy 2
0,4 — 3/8’)/2 ) 0,6 — 374 )
_ 577 (4a+1)%0” +28(a + 1)af? — 55Y) s4. 308549
52,0 - 3(0/ + 1)3C¥62 Y 82,2 - a + 1 )
o = 5(aa + a)san - 7? (daa +da +56%) 542 oo
24 = 72 ) 4,0 — 3(a n 1)2C¥B ) 4,2 = 54,2,
2
Y"S84,2
_ : 1
56,0 15(a + 1)’ (19)
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Figure 2: Dynamics of solution in original variables {x,y, z,t}, and figures (a-c) and (d-f) show wave
dynamics in zt-planes and zy-planes.

Therefore, the function becomes

sp2, 257262 (4(a+1)%a® +28(a+ 1)aB? —58%) 7592 (4(a+ 1)%a? — 80(a + 1)aB? + 253*)
J(&m) = 1_5(_ (a+1)3ap? + (a+1)*ap
25n% (20(a + 1)%a® — 124(a + 1)aB? + 958%)  125(a + 1)%a?n%  25an* (20(a + 1)a — 176?)
i (at 1252 T e
5y2¢4 (4(a + Do+ 562) 75(a + 1)an*€? ~2¢6 4508n3¢2

_ 150264 (2
(a+1)2ap 72 ac+ « a+1 + 15787, (20)

Thus, we obtain the second-order solution by substituting the Eq. into

u(&,m) = 2(log fa)e. (21)
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Figure 3: Dynamical profiles for the solution (21]), and figures (d)-(f) depicts contour plots for (a)-(c).

3.3 Third-order rogue waves

Having n = 3 in equation gives third-order rogue waves with function f as

F(&,n) = f3 =500+ 5021 + 5041  + 506n° + 5087° + 50,107 + 50.120'% + 52,082 + 5226207 + 59.4%0"
+ 52.6620°% + 52,8620 + 52.108°0"0 + 5406 + 5426 0% + 5446 0 + 5066M 00 + 5486M0° + 56,060
+ 56,2807 + 564650 + 56,66°1° + 55.0€° + 58.26%0° + 53.4E50" + 510,08'0 + 51026007 + 5120612, (22)

We put the Eq. into Eq. , and equating all coefficients for different powers in £ and 7 to zero gives
a set of equations that gives the constants on solving as

2
Y“510,2

~ 264600 1 1)7 ﬁG(885912165012(a+1)2a268—783353946256(a+1)3a366—2059366141680(a+1)4a4ﬁ4
a (e

50,0 =

+356841168000(a 4 1)°a’ 32 + 18313352000(a 4 1)%a’ — 37581796560 (a + 1)a S0 + 86124950453'2),

5
102 467721272(a + 1)%a28° — 2165184544(a + 1)3a354 + 637800080(a + 1)*a 52

02 = 63(a + 1)58°
+30260000(a + 1)°a® + 969547810(a + 1)a 8 — 2106277255°),
125
S04 902 (9016624(a + 1)2a26* — 33319520(a + 1)3a352 + 1000400(a + 1)*a?

T 126(a + 1)33942
+19367152(a + 1)aB° — 45896835%),
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Figure 4: Dynamics of solution in original variables {x,y, z,t}, and figures (a-c) and (d-f) show wave
profiles in xt-planes and xy-planes.

250025102 2 2,2 3.3 4 6
= ———— (221880 1 82760 1 — 714126 1 279643 ,
50,6 63(a+1)ﬁ3’y4( (a+1)*a”p” + (a+ 1)« (a+1Dap* + B)

$0,8 = —

625(a + 1)a® (100(a + 1)2a% — 608(a + 1)a8? + 2898%) 510
2ﬂ2‘y6 ’
625(a + 1)3a* (50(a + 1)a — 2982) s10,2 ~ 3125(a+ 1)°a’s10,2

80,10 = , 80,12 = ;
3p7® 610

2
_ 77510,2 2 2,6 3 3.4 4. 472

+30260000(a + 1)°a® — 624620150(a + 1)aB® + 11185058530),
250cr (—37480(a + 1)2a?8% + 8920(a + 1)*a® — 8134(a + 1)aB* + 34389) s102

2= T(a+ 1)23342
25002 (700(a + 1)%a? — 1436(a + 1)aB% + 17715%) s10,2
52,6 = 2 1 ’
382y
625(a + 1)%a3 (10(a + 1)a — 198?) s10,2 625(a + 1)*atsig
82,8 = - 6 ) 52,10 = 8 )
By Y
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_ 5725102
126(a + 1)%ap?

54,0 (3719280(a + 1)2a?B* — 1436960(a + 1)3a3B? + 1000400(a + 1)*at

—6761216(a + 1)af® + 14526055°),
50 (25240(a + 1)?a?B% 4 8920(a + 1)%a® + 11662(a + 1)af* + 51458%) s10,2
7(a+1)363 ’
125a (500(a + 1)%a? 4 56(a + 1)aB? + 7498%) s10,2
3(a + 1)5242 ’
250(a + 1)a? (10(a + 1)a — 735%) s10,2 625(a + 1)3a3s102
54,6 = 36+ y S48 = — 26 )
272 (—272040(a + 1)%a?B? + 82760(a + 1)3a® + 14406(a + 1)aB* — 2641153°%) s10,2
63(a + 1)4a3? ’
70 (100(a + 1)%a? 4 244(a + 1)aB? + 133531) s10,2 . 50a (10(a + 1)a + 778%) s10,2

S42 = —

84,4 = —

86,0 = —

"o 3(a+ 1)252 o4 3672 ’
250(a + 1)%2a?s10 2 7% (100(a + 1)%a? + 784(a + 1)af? + 495*) s10,2
S6.6 = S80 = —
6,6 3/_}/4 ) 8,0 2(CL + 1)3Odﬁ2 )
oD (10(a + 1)a + 235?) s10,2 oo, laata)sion 7% (50(a + 1) + 4958%) s10,2
2
Y7 S810,2
= , =2 23
5102 = 510,2,  S12,0 30(a + 1 (23)
Thus, we obtain the solution for third order by having the Eq. with values into ([10))

u(§;n) = 2(log f3)e. (24)

4 Results and findings

By applying the appropriate parameter values, the equation under investigation demonstrated rogue wave
shapes in the transformed variables £ and 7. A bilinear symbolic technique was employed to solve the
studied pKP-BKP equation for higher-order rogue waves. The first-order rogue wave solution produced a
single rogue wave, while the second and third-order solutions resulted in two and three rogue wave inter-
actions, respectively. We illustrated the dynamics of these rogue waves for the obtained solutions in both
the transformed variables {¢,n} and the original variables {z,y, z,t}. The dynamical profiles explore the
representation of the waves in the planes defined by {£,n}, {z,t}, and {x,y}. The dynamics observed in the
xt-plane reveal the interactions among the rogue waves in either the £n or zy-planes. The findings of this
study can be summarized as follows:

- In Figure and Figure we illustrate the rogue waves of 1%%-order , which depict the single rogue
waves with singularities at £ = 0 and 7 = 0. Rogue waves in Figure{l| display the bright parts in the
positive direction of £ and the dark parts in the negative direction of . Figure{2] depicts the single
rogue structures with the initial variables x,y, z,t of the studied equation. Graphics (a — ¢) illustrate
the single waves concerning xt-planes having y = 0 and z = 0, and graphics (d — f) depicts the single
rogue waves in xy-planes having z = 2 and t = 2. The graphics were generated with the values of
parameters as (a), (d) a =—-1,6= -2,y =a=1; (b), () a =—-2,86=-3,7v=1,a = 2; and (c),
) a=-1,=-05,y=—-1,a=1.

2025 @ Transitus Publishing 36 B. Mohan, et. al



Journal of Applied Mathematics and Symbolic Science
Transitus Publishing JAMSS, (01) 27-42, (2025)

Figure 5: Dynamical profiles for the third-order rogue waves with solution in £ and 1. The figures
(d)-(f) depicts contour plots for (a)-(c).

- Figure and Figure depict rogue waves of 2"-order showing two rogue-wave interactions. Rogue
waves in Figure{3| intersect at £ = 0 and n = 0 displaying the bright-dark parts. Figure{4] displays two
rogue waves in x, y, z, t, the initial variables of the studied equation. Graphics (a — c¢) depict two waves
in xt-plane with y = 0 and z = 0, and graphics (d — f) depict the two rogue waves in zy-plane with
z = 2 and t = 2. The figures were developed with the values of parameters as (a), (d) o = —2,5 =
-3,7v=a=1;(b), (e) a=-1,=-T,y=a=1;and (c), f) a=-7,=-4,7y=3,a=1.

- In Figure and Figure—@, we illustrate the rogue waves of 3"%order depicting three rogue-wave inter-

actions. Rogue waves in Figure{| depict two interactions of three rogue waves with their bight-dark
parts. In Figureff] we show the three waves in z, y, z, t, the initial variables in the investigated equation.
Graphics (a—c) depict three waves in zt-plane with y = 0 and z = 0, and graphics (d— f) shows the in-
teraction of three rogue waves in xy-plane with z = 2 and ¢ = 2. The graphics were generated with the
values of parameters as (a), (d) a =—-1,=-3,7v=3,a=2; (b), (e) a=—-2,=-5y=1,a=1;
and (c), (f) a=-2,6=-10,y=1,a=0.7.

5 Conclusions

This research successfully explored the higher-order rogue waves of the (3+1)-dimensional pKP-BKP equa-
tion within fluid dynamics. By employing a bilinear symbolic approach, we generated rogue waves up to the
third order with a generalized formula having real parameters. It established Hirota’s D-operator bilinear
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Figure 6: Dynamics of solution (24)) in original variables x,y, z, and ¢ with transformations {{ = x +¢,n =
y + z}. The figures (a-c) and (d-f) show wave profiles in zt- and xy-planes.

form for the equation in transformed variables. It demonstrated that 27%- and 3"-order rogue wave solutions
result in two and three rogue interactions, respectively. Our findings illustrated that these significant rogue
waves interact locally within nonlinear processes, a critical insight for understanding their behavior. We
derived a bilinear equation by utilizing the logarithmic transformation and facilitating a dynamic analysis
of the obtained solutions. Symbolic system Mathematica enabled the visualization of these solutions in &, 7
and x,y, z,t, the transformed and initial variables, respectively.

The study highlights the evolution of smaller-amplitude rogue waves, which are particularly significant in
plasma physics, fluid dynamics, and nonlinear systems. The findings offer valuable insights into these phe-
nomena’ mechanisms and contribute significantly to various scientific fields such as oceanography, plasma
physics, dusty plasma, water engineering, optical fibers, and nonlinear systems. This research enhances our
understanding of rogue waves and their interactions and broadens the knowledge base in these important
areas of study.
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